We propose special difference problems of the four point scheme and the six point symmetric implicit scheme (Crank and Nicolson) for the first partial derivative of the solution u(x, t) of the first type boundary value problem for a one dimensional heat equation with respect to the spatial variable x. A four point implicit difference problem is proposed under the assumption that the initial function belongs to the Hölder space C 5+α , 0 < α < 1, the nonhomogeneous term given in the heat equation MSC: 65M06; 65M12; 65M22
, the boundary functions are from C 
Introduction
In science, especially in mathematical physics, not only the calculation of the solution of the differential equation but also the calculation of the first and second derivatives of the solution is very important to provide information about some physical phenomena [1] . For example, Tuttle [2] in a theory of the drying wood adopts the fundamental hypothesis that the rate of which transfusion takes place transversely with respect to the wood fibers ( is very important to provide information about the moisture gradient. Since the differentiation operation is ill-conditioned, to find a highly accurate approximation for the derivatives of the solution of a differential equation is problematic.
In [3] the uniform convergence of the difference derivatives over the whole grid domain to the corresponding derivatives of the exact solution for the two dimensional
Laplace equation with order O(h
2 ) is proved. In [4] , under the conditions that the boundary functions belong to C 6,λ , 0 < λ < 1, on the sides of the rectangle and are continuous on the vertices and second, fourth order derivatives satisfy the compatibility conditions on the vertices which result from the Laplace equation, difference schemes are constructed for the first and pure second order derivatives of the solution. It is proved that the order of convergence of the solutions of these difference schemes is O(h 4 ).
For the 3D Laplace equation on a rectangular parallelepiped, recent studies are given in [5] and [6] and the constructed difference schemes converge with the order of O(h 2 ) and O(h 4 ), respectively, to the first and pure second derivatives of the exact solution of the 3D Dirichlet problem. It is assumed in [5] that the fourth derivatives of the boundary functions on the faces of a parallelepiped satisfy the Hölder condition, and on the edges their second derivatives satisfy the compatibility condition, whereas in [6] they are assumed to have sixth order derivatives satisfying the Hölder condition on the faces, and their second and fourth order derivatives satisfy the compatibility conditions on the edges. Most recently, in [7] difference schemes on a cubic grid for obtaining the solution of the Dirichlet problem for the 3D Laplace equation on a rectangular parallelepiped, its first and pure second derivatives difference schemes are constructed and the approximate values of the first and pure second derivatives converge with orders O(h 6 | ln h|) and O(h 5+λ ), 0 < λ < 1, respectively. It is assumed that the boundary functions on the faces have seventh derivatives satisfying the Hölder condition and on the edges their second, fourth and sixth derivatives satisfy the compatibility condition. At the same time in [8] , an O(h p-1 ), p ∈ [4, 5] order of approximation for the first order derivatives of the solution of the 3D Laplace equation is proven under a weaker assumption on the smoothness of the boundary functions on the faces of the parallelepiped than those used in [6] . In this study special difference problems of four point and six point symmetric implicit difference schemes for the derivative of the solution u(x, t) of the first type boundary value problem for one dimensional heat equation with respect to the spatial variable x are proposed. For the construction of the four point implicit difference problem we require that:
(a) the initial function belongs to C 5+α , the nonhomogeneous term given in the heat
, the boundary functions are from C 5+α 2 , and the conjugation conditions of orders q = 0, 1, 2 are satisfied at the corners of the boundary. For the construction of the six point implicit difference problem it is assumed that: (b) the initial function belongs to C 7+α , the nonhomogeneous term is from C 5+α, 5+α
, the boundary functions are from C 7+α 2 , and the conjugation conditions of orders q = 0, 1, 2, 3 are satisfied. The work is organized as follows: In Sect. 2, for the approximate solution of first type boundary value problem for one dimensional heat equation we use four point implicit or six point symmetric implicit schemes [9] under the assumption that the boundary value problem satisfies the conditions (a) or (b) respectively. In both cases for the error function we provide a pointwise prior estimation depending on Υ (x, t), which is the distance from the current grid point in the domain to the boundary. In Sect. 3, we consider the boundary value problem satisfying the conditions (a) and propose a special four point implicit difference problem for the approximation of 
Let Ω be a bounded domain in n-dimensional Euclidean space E n . It is assumed that the coefficients of the operator of (1) are defined in a layer D = E n × (0, T). In the cylindrical domain Q = Ω × (0, T) with lateral surface S T or more precisely the set of points
where S is the sufficiently smooth boundary of Ω and that Ω = Ω ∪ S, the first type boundary value problem is given as
Let q be a non-negative integer. We use the notations
and the operator
From (2), (5) and (7), Eq. (6) can be rewritten as
The conjugation (compatibility) conditions up to order m ≥ 0 are
Let Q and S T be the closure of Q and S T , respectively, and s > 0 be a non-integer number. 
Implicit difference solution of one dimensional problem
Take Ω = (0, b), σ T = (0, T), and Ω, σ T are the closure of these sets respectively, also
dx k to present the kth partial and ordinary derivatives respectively with respect to time variable t, spatial variable x. We consider the first type boundary value problem for a one dimensional heat equation:
where
∂x 2 and a > 0 constant, then the functions on the right side of (5), (8) and (9) are
respectively, where
Furthermore, the conjugation conditions up to order m ≥ 0 in (10) for the one dimensional problem (11)- (13) are derived as
Problem 1 Let α ∈ (0, 1) (i) The boundary value problem (11)- (13) satisfying the conditions
and the conjugation conditions (19) up to second order (q = 0, 1, 2). (ii) The boundary value problem (11)- (13) satisfying the conditions
and the conjugation conditions (19) up to third order (q = 0, 1, 2, 3).
Theorem 2 Problem 1(i) has a unique solution u(x, t) belonging to the class C
5+α, 5+α 2 x,t (Q T ).
The Problem 1(ii) has a unique solution u(x, t) belonging to the class C
Proof The proof of Theorem 2 follows from Theorem 1.
We define
and ω h,τ = ω h × ω τ where the set of internal nodes are defined by
The set of nodes on γ i i = 1, 2, 3 are presented by
respectively. Assume that c 1 , c 2 , . . . are positive constants independent from h and τ ; in each section, those constants are enumerated anew. For the numerical solution of the Problem 1(i), we use the four point difference problem ( = 3) and for the numerical solution of the Problem 1(ii), we use the six point symmetric difference problem ( = 6) [9] . We denote the solution of these difference problems by u and use the notations u 
The operator Θ = t j + 0.5τ , f (x, t) is the given function in (11) and u 0 (x) given in (12), u 1 (t), u 2 (t) given in (13) are the initial and boundary functions, respectively. Consider the following systems:
where g h,τ , g h,τ are given functions and 
for any r by the four point implicit scheme ( = 3) and for r ≤ 1, by the six point symmetric implicit scheme ( = 6) where r = aτ h 2 .
Proof Taking into consideration that the canonical form of the equation q
in the form A(P) q(P) = Q∈Patt(P) B(P, Q) q(Q) + F(P) where P = P(x m , t j+1 ) as a node of the grid ω h,τ and Patt(P) consists of the nodes
where P = P(x m , t j+1 ) and Patt(P) consists of the nodes 
the following inequality holds true:
for any r by the four point implicit scheme ( = 3) and for r ≤ 1, by the symmetric six point implicit scheme ( = 6). Here, Υ = Υ (x, t) is the distance from the current point (x, t) ∈ ω h,τ to the boundary γ of Q T .
Proof For the four point implicit scheme ( = 3), we consider the functions 
For the six point symmetric implicit scheme ( = 6), we consider the functions
which are the solutions of q
Theorem 5 The solution u of the four point finite difference problem (28)-(30) ( = 3)
satisfies the following pointwise estimation:
for any value of r where u is the exact solution of Problem 1(i). The solution u of the six point finite difference problem (28)-(30) ( = 6) satisfies the following pointwise estimation:
for r ≤ 1 where u is the exact solution of Problem 1(ii).
Proof On the basis of Theorem 2, the exact solution u of Problem 1(i) belongs to 
where 3 Implicit four point difference approximation of ∂ x u Problem 2 (i) Given the Problem 1(i), we denote p i = ∂ x u on γ i , i = 1, 2, 3 and set up the next boundary value problem for v = ∂ x u,
where f (x, t) is the given function in (11). We take
and u 0 (x) given in (12), u 1 (t), u 2 (t) given in (13) are the initial and boundary functions, respectively, u is the solution of the four point difference problem (28)-(30) ( = 3).
Lemma 6
The following inequality holds:
where u is the solution of the differential Problem 1(i) and u is the solution of the four point difference problem (28)-(30) ( = 3).
Proof Taking into consideration Theorem 2, and using (65) and (67) and Theorem 5, we have
Lemma 7
The following inequality is true:
where u is the solution of the four point difference problem (28)-(30) ( = 3).
Proof On the basis of Theorem 2, the exact solution u ∈ C 5+α, 5+α (67) give the second order approximation of ∂ x u, respectively. From the truncation error formula (see [11] ) it follows that
Using Lemma 6 and the estimation (66), (71) follows.
We construct the following difference problem for the numerical solution of Problem 2(i):
where the p ih are defined by (65)-(67) and Φ∂ x f h,τ = ∂ x f | (x m ,t j+1 ) and u is the solution of the four point difference problem (28)-(30) ( = 3).
Theorem 8 The solution v of the finite difference problem (72)-(74) satisfies
where v = ∂ x u is the exact solution of Problem 2(i).
Proof Let
From (72)- (74) and (76) we have
From Lemma 7 and by maximum principle for the solution of the system (81)- (83) we have
The solution ε 2,h,τ v of system (84)- (86) is the error of the approximate solution obtained by the finite difference method for the boundary value Problem 2(i) when the boundary values satisfy the conditions
Since the function v = ∂ x u satisfies Eq. (62) with the initial function p 2 on γ 2 and boundary functions p 1 , p 3 on γ 1 and γ 3 , respectively, and on the basis of Theorem 1 and the maximum principle, we obtain
and using (80), (87) and (90) we obtain (75).
Implicit six point symmetric difference approximation of ∂ x u
Problem 2 (ii) Given the Problem 1(ii), we denote p i = ∂ x u on γ i , i = 1, 2, 3 and set up the boundary value problem (62)-(64) for v = ∂ x u.
Lemma 9
where u is the solution of the differential Problem 1(ii) and u is the solution of the symmetric six point difference problem (28)-(30) ( = 6) for r ≤ 1 and p ih are defined by (65)-(67).
Proof On the basis of Theorem 2, and from (65), (67) and using Theorem 5, we have
Lemma 10
where u is the solution of the six point difference problem (28)-(30) ( = 6) for r ≤ 1.
Proof Using Theorem 2, the proof is analogous to the proof of Lemma 7.
We propose the following six point difference problem for the numerical solution of Problem 2(ii):
where p ih are defined by (65)- (67) and
) and u is the solution of the six point difference problem (28)-(30) ( = 6) for r ≤ 1.
Theorem 11 For r ≤ 1, the solution v of the finite difference problem (94)-(96) satisfies
where v = ∂ x u is the exact solution of Problem 2(ii).
Proof The proof is analogous to the proof of Theorem 8. From (94)- (96) and (76) we have
From Lemma 10 and by the maximum principle for the solution of the system (102)- (104) we have
The solution ε 2,h,τ v of system (105)- (107) is the error of the approximate solution obtained by the finite difference method for the boundary value Problem 2(ii) when the boundary values satisfy the conditions
Since the function v = ∂ x u satisfies Eq. (62) with the initial function p 2 on γ 2 and boundary functions p 1 , p 3 on γ 1 and γ 3 , respectively and on the basis of Theorem 1 and the maximum principle in Chap. 4 of [9] we obtain
using (80), (108) and (111) we obtain (97).
Numerical aspects
Two problems are considered such that the first type boundary value problem for the one dimensional heat equation in Example 1 and in Example 2 are chosen as examples for Problem 1(i) and Problem 1(ii), respectively, and the exact first derivatives of their solutions with respect to x are known. The third example is also given as an example of Problem 1(ii), however, the exact first derivative of the solution of this problem with respect to x is not given. All the computations are carried out in double precision using the Fortran programming language. For the constructed examples we take
∂x 2 is taken as a = 1.
u(0, t) = t 13 5 on γ 1 , u(1, t) = t 13 5 + cos t 13 5 + 1 on γ 3 ,
where f (x, t) = - Table 1 demonstrates the maximum errors for fixed r = 2 -ω , ω = 2, 3, and the order of convergence
of v with respect to h and τ for Example 1. Table 2 represents the maximum errors for h = 2 -9 , τ = 2 -λ , λ = 6, 7, 8, 9, 10, 11 and the order of convergence
of v with respect to τ for Example 1. According to the definition of the maximum error the third and fourth columns of Table 1 and Table 2 sin(
). Using the proposed implicit six point difference scheme (28)-(30) ( = 6) we obtain the approximate solution u by applying the Gauss-Thomas method [12] for solving algebraic system of equations at each time level for r = 2 -ω where ω is nonnegative integer. order of convergence corresponds to 2 2 of the quantity by (116). Table 3 shows the (6, 14) , (7, 15) , (8, 16, ) which means that the step sizes h in x and τ in t are halved successively. Table 5 demonstrates the absolute error ratios Table 5 , respectively, we conclude that the order of convergence is quadratic in the two variables x and t on t = 1. Figure 9 illustrates the grid function v 2 -8 ,2 -16 presenting the approximate solution v of v = ∂ x u when h = 2 -8 , τ = 2 -16 for Example 3.
Concluding remarks
Special difference problems of four point and six point implicit schemes for the first derivative of the solution u(x, t) of the first type boundary value problem for a one dimensional heat equation with respect to the spatial variable x are given. It is assumed that the initial function, boundary functions and the nonhomogeneous term in the heat equation possess . We prove that the solution of the proposed four point and six point difference schemes converge to the exact value of ∂u ∂x on the grids of order O(h 2 + τ ) and O(h 2 + τ 2 ), respectively.
Remark 12 These results can be used in some domain decomposition methods allowing for parallel computation [14, 15] . Furthermore, the proposed approach may be applicable to similar equations, given in the phenomena of impact of a moving foot on the transfer of heat from a constantly heated warm water into the foot immersed within a footbath [16] and the enhancement of performance by increasing the thermal efficiency of a direct absorption solar collector based on an alimino-water nanofluid [17] .
Remark 13 The proposed approach can also be applied to finding second order derivatives of the solution of the first type boundary value problem for a one dimensional heat equation and this research will be presented in a subsequent article. Also the methodology may be extended to a two dimensional heat equation.
